Abstract-We develop an efficient semi-analytical technique to calculate the electromagnetic scattering from fabric structures modeled as crossed gratings of circular coated fibers of any material composition, arranged arbitrarily in yarns. The method relies on a matrix formulation based on multipole expansion for modeling conical scattering from uniaxial gratings of fibers, and employs a scattering matrix approach to obtain co-and cross-polarized transmission and reflection coefficients. The lattice sums are evaluated using an efficient adaptive algorithm based on Shank's transformation. The method can be employed for analyzing the scattering characteristics of fabric structures embedded in any arbitrary layered media. The validity of the method is verified through comparison with full-wave finite-difference time-domain simulations. A substantial performance gain is obtained, which makes the proposed method applicable to solve large-scale fabric structures.
INTRODUCTION
Interaction of electromagnetic waves with textiles and fabric structures is currently of significant importance for several different applications such as personal thermal management [1, 2] , wearable energy harvesting [3, 4] , solar-cell carpeting [5, 6] , shielding against hazardous radiations [7, 8] and medical dressings [9, 10] . Moreover, such structures can be regarded as constituent layers of 3D photonic crystals and woodpile structures. The modern fabrication technologies offer a great amount of flexibility in modification of composite fabric structures and open up several exciting opportunities for design and optimization of technical fabrics and fiber-based devices.
Along with the rapid progress in fabrication techniques, there is a need to improve numerical simulation techniques to further speed up the design and optimization processes. The necessary step for modeling the fabric structures given as bi-periodic arrays of circular cylinders (fibers) arranged in bundles (yarns), is solving the problem of scattering from cylinders. This problem has been studied for many years and several different methods have been adopted for this purpose [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Some of these are general methods, such as the finite-difference time-domain (FDTD) method [11] , finite-element method (FEM) [12] , boundary-element method [13] and rigorous coupled waveguide analysis (RCWA) [14] . However, the unit-cell of such fabric structures might be extended over many optical wavelengths which inevitably leads to numerical models with enormous numbers of unknowns, considering small geometrical features that necessitate ultra-fine meshing.
Therefore, semi-analytical methods that exploit some available geometrical features of the structure can be of great advantage [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . These methods rely on the multipole expansions and often outperform full-wave methods particularly when the number of elements is large and the number of excited modes inside each element could be kept small [31] . Among the various multipole expansion techniques, Tmatrix is the most powerful method due to its simplicity and generality. The problem of electromagnetic scattering form an arbitrarily shaped homogeneous scatterer was formulated by Waterman, based on the T -matrix method [27] . Peterson and Strom [28, 29] extended this formulation to the case of an arbitrary number of 2D scatterers by applying the translation formula to the cylindrical wave solution of Helmoltz's wave equation. Later, Chew [30, 31] developed a generalized recursive algorithm to calculate the scattered field by multiple scatterers. This technique is well adapted to solve several problems involving cylindrical structures [32] [33] [34] [35] [36] [37] [38] , however, it is limited to ideal 2D problems where both the structure and the incidence geometries are invariant in one direction leading to scalar 2D problems involving the E and H polarizations separately. For the out-of-plane propagation problems, one might use 3D T -matrix formulation in conjunction with extended boundary conditions method (EBCM) [39] which entails considerably more effort. However, since the structure is 2D, one can still formulate the problem using vector cylindrical harmonics and obtain a similar matrix formulation at the cost of dependency on the incidence [24] [25] [26] .
Consider a non-interlaced fabric structure as shown in Fig. 1 . In this work, we present a 2D treatment of such 3D geometry. A robust matrix formulation for modeling conical scattering from periodic gratings of coated fibers arranged arbitrarily in the bundles is developed which can be regarded as a major extension of the T -matrix method. The lattice sums involving the translation of harmonics for on-axis and off-axis periodicity are evaluated using an efficient adaptive algorithm based on Shank's transformation. Next, the scattering matrix approach is employed to obtain co-and cross-polarized diffraction efficiencies of the fabric structures consisted of stack of crossed grating layers where each layer is invariant in one direction.
Figure 1.
The schematic representation of a non-interlaced fabric structure, comprising of core-shell fibers bundled up into yarns, along with an outset zoom-in plot.
The overall procedure of the method is depicted as a flow-chart in Fig. 2 . This treatment is a major extension of [40, 41] which have studied the woodpile structures where the unit-cell of the grating contains only one cylinder. It should be remarked that unlike the super-cell methods, the proposed method requires periodicity only in the directions of the gratings but not in the stacking direction and, thus, is applicable for a finite number of layers. The method is appropriate for efficient modeling largescale fabric structures embedded in any arbitrary layered media. Furthermore, it can treat arbitrary arrangements of coated fibers made of dielectric and metallic materials within the unit-cell with equal ease.
In Section 2, we establish the procedure for modeling fabric structures and present our formulation. Numerical examples are given in Section 3 to demonstrate the applicability of the method and the results are compared with full-wave simulations to verify validity and efficiency of the method.
FORMULATION

Conical Scattering from Gratings of Fibers: Multipole Expansion
We start the mathematical formulation by considering a periodic grating of an arbitrary arrangement of uniaxial coated fibers, invariant in the z direction, illuminated by an oblique plane wave as shown in The filling fraction of the core-shells within the unit-cell and their corresponding electromagnetic parameters can be different in this model. The in-plane and out-of-plane incidence angles are denoted by φ 0 and θ 0 , respectively. We introduce local coordinate systems (x j,l , y j,l ) located at the centers of the l-th fiber within j-th cell. The corresponding polar coordinates are denoted by (ρ j,l , φ j,l ). The time convention is assumed to be exp(−iωt) throughout the paper. The transverse magnetic (TM z ) polarization corresponds to the case where the electric field is perpendicular to the incidence plane. The z component of the incident electric field can be written as:
Similarly, for the transverse electric (TE z ) polarization where the electric field is parallel to the incidence plane, the z component of the incident magnetic field can be expressed as:
In the above equations E 0 and H 0 are normalizing amplitudes and:
The incident fields can be expanded in terms of cylindrical harmonics in the local coordinate system of l-th cylinder inside the 0-th unit-cell as:
where:
Then, the z component of the scattered fields from l-th cylinder inside n-th unit-cell can then be expressed in the following form for an arbitrary linear combination of TM and TE incidence:
All the other components of the field can be obtained through application of Maxwell's equations.
Enforcing Boundary Conditions: Matrix Formulation
As mentioned earlier, T -matrix method is not applicable in this case. However, we can extend the matrix formulation at the cost of dependency of the transition matrix on the incidence. Here, we are dealing with cross-polarized coupling because of the out-of-plane variation of the incident field. If the fibers are invariant in the z-direction, the grating will conserve k 0z and all the field contributions will have the same z-dependence. This allows us to work only with the z-component of the fields. Following the procedure of T -matrix method, we define following basis column vectors
Regψ
where Reg stands for the regular part. In order to apply the matrix formulation for the considered problem, one would require the isolated transition matrix of scatterers relating the amplitude of scattered field to the amplitude of incident field. This can be built using the solution obtained by Wait [16] for the Mie-type scattering coefficients of an isolated fiber. For an isolated scattered with the radius a, relative permittivity of ε r and relative permeability of μ r , we have:
in which
Furthermore, the coefficient can be obtained for a coated fiber as well, which offers a great advantage as the computational complexity of the problem remains in the same order as a uniform fiber, while the other computational techniques may require a finer mesh to accurately reconstruct the structure. These coefficients are obtained by using the solutions of Shah [17] . Denoting the core and shell parameters by a, ε r 1 , μ r 1 and b, ε r 2 , μ r 2 , respectively, we have:
where
. δ 11 and δ 21 can be obtained by replacing the following vector with the first and fifth columns of δ, respectively.
Similarly, δ 12 and δ 22 can be obtained by replacing the following vector with the first and fifth columns of δ, respectively.
Having built the transition matrix of each scatterer, we can write the z component of the total fields outside the l-th scatterer in terms of basis column vectors in the l-th local coordinate system as:
where α ji,0l is the translation matrix, which relates the scattered harmonics at i-th local coordinate system inside the j-th unit-cell to the l-th local coordinate system inside 0-th unit-cell. The expression of such matrix is given by:
In Eq. (31), the first term can be regarded as the incident field on the l-th isolated scatterer and the last term can be viewed as the scattered field. According to the definition of transition matrix, we can write:
which can be rewritten as:
Writing this coupling equation for all the cylinders inside the unit-cell, we arrive at a system of N linear equations the solution of which gives us the unknown scattered field coefficients.
Evaluation of Lattice Sums
One of the challenges faced by multipole methods in solving periodic structures is the calculation of highly oscillating and slowly convergent lattice sums involving the translation of harmonics. These summations do not have a closed-form response except for on-axis periodicity that is when all the fibers are located on the x axis. One of the ways to avoid this challenge, which has been previously used for the 2D case and T -matrix method is to translate all the harmonics into the center and build the aggregate T -matrix [33, 35] . However, this approach might fail when the fiber separation distance within the unit-cell is large, as it gives rise to ill-conditioned matrices, which will break down the solution of matrix equation. Moreover, the information regarding the coupling of the elements in the near-field will be lost in this approach. For the general case, a robust approach is required for calculation of infinite summations in the forms of:
For this purpose, we have adopted an adaptive mathematical algorithm based on Shank's transformation to calculate the infinite series. The Shanks' sequence transformation [42] e p : (S k ) → {e p (S k )} consists of transforming a given sequence (S k ) into the set of sequences e p (S k ) whose terms are defined by:
where Δ is the forward operator and H k is the Hankel determinant [42] . The ε-algorithm is a recursive algorithm due to Wynn [43] for implementing the Shanks' transformation without computing the Hankel determinants appearing in (36) . The ε-algorithm is recommended as the best all-purpose acceleration method for slowly converging sequences and consists of replacing the sequence S k with the sequence ε k 0 , which is defined by the following non-linear recurrence relation: ε
with ε
For higher-order multipoles, the convergence is slower. In order to improve the performance, we implement an adaptive multistep algorithm [44] . The recursive rule in this case is defined for the m-th step as:
In order to ensure convergence, an adaptive approach is used. The number of sampling points and extrapolation steps are increased at each iteration, until the results are converged by a predefined threshold. The same approach is used for evaluation of the near-field expressions given by Equations (12) and (13).
Bi-Periodic Gratings and Scattering Matrix
Figure 4(a) shows a schematic of the unit-cell of a fabric structure given as a bi-periodic grating of fibers crossed at the right angle. This problem is essentially a 3D problem, which poses computational challenges for any numerical method, as discussed in the introduction. Here, we demonstrate a 2D treatment of such a 3D problem. This is done by making use of the scattering matrix approach to handle coupling between the crossed grating layers in the Cartesian coordinates through recursive formulae. In order to make all the reflection and transmission coefficients unit-less we scale the magnetic field by the wave impedance of free-spaceH z = η 0 H z .
(a) (b) (c) Figure 4 . (a) The 3D unit-cell of a fabric structure given as a stack of crossed grating layers, (b) schematic representation of diffraction orders from the bi-periodic fabric structure, (c) accessible diffraction modes with a bi-periodic grating, represented in wavevector space.
We define the scattering matrix as:
where + and − denote fields propagating upwards and downwards, respectively. Superscripts (d) and (i) denote the diffracted and incident fields, respectively. Treating each grating layer as an interface, the scattering matrix of each interface can be expressed as: 
where the subscript s represents the transverse electric component of waves and p represents the transverse magnetic component of waves. The periodicity of the fabric structure in x and z directions gives rise to a group of diffracted plane waves as shown in Fig. 4 (b) whose x and z dependencies are given by exp(ik x,p x) and exp(ik z,q z), respectively, where
where Λ x and Λ z are the periodicities in x-and z-directions, respectively. Each pair (p, q), thus, specifies a diffracted plane-wave order and, for notational convenience, we map each (p, q) to a unique integer v, and use the subscript v to denote quantities associated with the (p, q)-th order. Note that the v-th plane-wave order is propagating if k
The accessible diffraction modes with a bi-periodic grating are represented in wavevector space in Fig. 4(c) . The propagating modes are the ones inside the circle with a radius of k 0 . Fixing the values of p and q and then projecting the problem onto the x-z plane allows us to use the multipole method to solve for the part of the diffracted field having an x dependence of exp(ik x,p x) and z dependence of exp(ik z,q z) for each layer of the grating.
While the plane wave diffraction problem is best formulated in terms of parallel/perpendicular (p/s) polarizations, the multipole scattering problem is best handled in terms of TM/TE modes with respect to the principal Cartesian field components parallel to the cylinder axes. This requires translation of reflection and transmission coefficient from the TM/TE modes to p/s polarizations. For this purpose, we have [26, 40] :
To derive the reflection and transmission coefficients of the array, we consider TM and TE polarizations separately. Equations (12) [33, 35] :
For the TM polarization:
Thus, we can obtain:
Similarly, the TE polarization results into:
The coefficients t + v and r − v will be obtained in a similar way, considering k yv > 0. Obviously, if the unit-cells are symmetric with respect to array plane we have R + = R − and T + = T − . The scattering matrix of each layer can be built by the aforementioned procedure. In case that the layers are the same except for the orientation, the scattering matrix of the crossed layer can be built by properly permuting the scattering matrix of the other layer such that k x,p = k y,p and k y,q = −k x,−q .
Then, the overall reflection and transmission coefficients can be obtained using recurrence relationships for the scattering matrices for a stack of s + 1 non-interpenetrating gratings [41] :
where I is the identity matrix and P is the matrix accounting for the change in phase that occurs for fields propagating between successive layers and is defined as:
in which h is the distance between interfaces s and s + 1. Obviously, the formulation holds true for an arbitrary number of grating layers as well as in the presence of any substrate/superstrate medium. The diffraction efficiencies can be obtained:
According to the law of conservation of energy, for a structure made of lossless materials:
Finally, in order to be able to plot the near-fields we need to obtain the fields inside the grating layers, as the Fourier integral representations of the fields are only valid outside the grating layers. For this purpose, after obtaining all the forward and backward waves above and below the grating layers, we use the waves propagating towards each interface as input of the multipole expansion method and obtain the scattering coefficients of the cylinders. The field inside the grating layers can then be evaluated through Equations (12)- (13) . According to the Floquet theorem, the outgoing waves from the interfaces will be the continuation of the obtained fields outside the grating.
NUMERICAL RESULTS AND DISCUSSION
In this section, sample numerical results are presented to evaluate the validity and efficiency of the developed formulation for modeling large-scale fabric structures. All the simulations are performed on a Linux-based machine with Intel Xeon(R) CPU E5-2670 v3 @ 2.30 GHz and 11.5 GB RAM. For the FDTD simulations NVIDIA R Tesla R K40C GPU accelerator was utilized.
In our simulations, the number of multipoles are truncated to M = round(3k 0 √ ε r μ r a) [20, 21] . In order to ensure convergence, we have considered −10 ≤ p, q ≤ 10 which is equivalent to 21 diffraction orders for 1D periodicity and 441 diffraction orders for 2D periodicity. Lattice sums are evaluated using an adaptive criterion with the prescribed accuracy of 10 −6 . The near-field summations are evaluated using 19 sample points and 8 steps in the multi-step Wynn algorithm. A great accuracy is afforded using these parameters. First, we consider circular arrays of coated fibers arranged into collective bundles representing the formation of yarns to validate our matrix formulation for periodic arrangements. The yarns are positioned in a periodic staggered configuration oriented 30 degrees relative to the horizontal plane as shown in Fig. 5(a) . Such geometry can be regarded as a 2D model of a woven fabric [1] . The parameters include: D f = 1 µm -the fiber diameter, D core = 0.5 µm -the core diameter, ε shell = 2.25 -the shell relative permittivity, ε core = 6.25 -the core relative permittivity, D y = 30 µm -the yarn diameter, D s = 1 µm -the edge-to-edge fiber separation distance, and D p = 6 µm -the edge-to-edge yarn separation distance. The total number of fibers within a yarn is 169 and the periodicity is 60.6 µm. The structure is illuminated by a normal TM z plane wave with the wavelength of λ = 15 µm.
The normal component of the electric field, E z , is obtained using the proposed method and compared with FDTD results. The near-fields are plotted in Fig. 5 . A great agreement is observed between the results which verifies the validity of our method.
The computational time and memory requirements for the methods, corresponding to the solution of the considered structure are compared in Table 1 . A cell size of 50 nm is used for FDTD discretization to minimize the shape reconstruction errors and ensure the convergence. The grid size is 1633×1318×11 and the number of time steps is 9000. Periodic boundary conditions are applied along x and z directions and the domain is terminated by perfectly matched layer in the y direction. As can be seen, a significant computational gain is achieved by the proposed method. The memory requirement is decreased by a factor of 225 and the computation time is reduced by a factor of 57. We need to remind that the FDTD analysis is suited and performed on a GPU based machine and it will take much longer if one simulates on the same machine as for our proposed model (∼ 7 hours). Next, we apply the method to model a practical large-scale bi-periodic fabric structure. The structure is consisted of a crossed pair of non-interlaced yarns (weft and wraps). Each yarn is a circular array of fibers. The parameters are chosen as D f = 2 µm -the fiber diameter, ε fiber = 2.25 -the fiber relative permittivity, D y = 30 µm -the yarn diameter, D s = 1 µm -the edge-to-edge fiber separation distance, and D p = 5 µm -the edge-to-edge yarn separation distance. The total number of fibers within a yarn is 91 and the period is 35 µm. The structure is illuminated by a normal TM z plane wave with the wavelength of λ = 15 µm. Fig. 6 compares the results of the proposed method and FDTD for the near-field distribution of the normal component of the electric field. It should be remarked that here, we calculate the fields outside the grating layers using the scattering matrix approach and the fields inside the gratings are obtained by reusing the multipole expansion method for each layer and considering amplitudes of the waves propagating towards each interface as the excitations. As it can be seen, the continuity of E z component in the TM z excitation is satisfied with a great accuracy. Moreover, a remarkable consistency is observed between the results by the proposed method and those of FDTD.
The computational time and memory requirements for the methods corresponding to the 3D unit-cell simulation are compared in Table 2 . Here, a mesh size of Δ = 100 nm is used for FDTD It should be remarked that the unit cell of such structure is 2.4λ × 2.4λ × 4.4λ which considering the fine meshing one would need to minimize the shape reconstruction errors and to reach convergence, it poses a great challenge for FDTD. The computational gain obtained in this case is even more pronounced comparing to the 2D case; the computational time is reduced by a factor 172 and the memory requirement is decreased by a factor of 700. This is due to the semi-3D nature of our formulation which allows for the 2D treatment of the complex 3D geometry so that the computations can be done with the same order of complexity as the 2D problem. It should be taken into consideration in the above comparisons that FDTD is a time-domain technique, and when a broadband pulse is used as the source, then the response over a wide range of frequencies can be obtained with a single simulation while for the frequency-domain techniques such as ours the simulations need to be repeated for each single frequency. However, given the statistics of our model one can see significant benefit even if a broadband result is desired. Moreover, it does not require expensive post-processing to obtain diffraction efficiencies. Transmittance, reflectance and absorptance of the considered 3D fabric structure over the thermal radiation spectrum are plotted in Fig. 7 . The results are shown for TM-polarized and TE-polarized incidence as well as un-polarized incidence, given as average of TM and TE. Over this wide spectral range, the dimensions of the unit-cell vary from 7.2λ × 7.2λ × 13.2λ to 1.44λ × 1.44λ × 2.64λ and the number of propagating diffraction orders changes from 225 to 9. As it can be seen, the absorptance is less than 10 −8 over the whole spectrum and the energy is conserved with a great accuracy, which is another testimony to the method's accuracy and
(c) Figure 7 . The transmittance, reflectance and absorptance spectra of the above-mentioned fabric structure for (a) TM polarized incidence, (b) TE polarized incidence and (c) un-polarized incidence.
validity. A step of 0.1 µm is used for sweeping the spectrum and the total computation time was around 1 hour which still outperforms brute force methods such as FDTD.
In the presented reflectance and transmittance spectra one can notice a drop in the level of transmittance at wavelengths lower than 9 µm. This is due to the increase in the number of induced cavity modes and confinement of the fields to the fibers as their effective size increase. This drop is more pronounced for the TM polarization, which shows the stronger interaction of fabric structure with TM mode. Another implication of this is the polarization sensitivity of fabric structures as opposed to the woodpile structures. Such studies provide important information regarding the thermal performance of fabric structures and are critical for designing fabrics and textiles with novel functionalities [1, 2] .
CONCLUSION
We have developed a robust framework for analysis of electromagnetic scattering from fabric structures, modeled as crossed gratings of cylindrical fibers, arranged in arbitrary bundles (yarns). The proposed technique uses a rigorous matrix formulation for analysis of conical scattering from periodic arbitrary arrangement of coated fibers. The coupling between crossed gratings is treated using recursive formulae of scattering matrix. The method is applied to analyzing practical large-scale fabric structures and both near-field and far-field results are presented. The results are compared with full-wave simulation. A complete agreement is observed between the results, while a significant computational gain is afforded by the proposed method. The method can be used to model any arbitrary number of fabric layers embedded in any layered media. Moreover, it can handle any arbitrary arrangement of uniform fibers and core-shell fibers made of different materials with equal ease. Because of its generality and efficiency, it should be useful for the design and optimization of the performance of textiles and fabric structures for a variety of applications.
